CONTENTS

1. THE BORN–OPPENHEIMER HAMILTONIAN 1 1. Separating the center of mass motion in quantum mechanics . 1 1.1. Reducing the two-body problem to two one-body ones 1 1.2. The center of mass in quantum mechanics . . . . . . 6 1.3. Free atoms and atomcules . . . . . . . . . . . . . . . 9 2. The Born–Oppenheimer approximation . . . . . . . . . . . . 12 2.1. Introductory remarks . . . . . . . . . . . . . . . . . . 12 2.2. The Born–Oppenheimer separation . . . . . . . . . . 13 2.3. Why the Born–Oppenheimer separation is not exact . 14 2.4. Approximate decoupling . . . . . . . . . . . . . . . . 15 2.5. A note on the Born–Oppenheimer separation . . . . . 16 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2. GENERAL THEOREMS AND PRINCIPLES 19 1. The variation principle . . . . . . . . . . . . . . . . . . . . . 19 1.1. The Rayleigh quotient . . . . . . . . . . . . . . . . . 19 1.2. The variation principle for the ground state . . . . . . 19 1.3. The variation principle as an equivalent of the Schrödinger equation: A useful formulation of the variation principle 21 1.4. Eckart’s inequality . . . . . . . . . . . . . . . . . . . 23 1.5. Excited states . . . . . . . . . . . . . . . . . . . . . . 24 2. The Hellmann–Feynman theorem . . . . . . . . . . . . . . . 26 2.1. The differential Hellmann–Feynman theorem . . . . . 26 2.2. The integral Hellmann–Feynman theorem . . . . . . 31 3. The virial theorem in quantum mechanics . . . . . . . . . . . 32 3.1. Time dependence of a physical quantity . . . . . . . . 32 3.2. The virial theorem . . . . . . . . . . . . . . . . . . . 33 3.3. Scaling—a connection with the variation principle . . 35 3.4. The virial theorem in the Born–Oppenheimer

approximation . . . . . . . . . . . . . . . . . . . . . 36 3.5. The virial theorem and chemical bonding . . . . . . . 41 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

ix

3. THE LINEAR VARIATIONAL METHOD AND

LÖWDIN’S ORTHOGONALIZATION SCHEMES 45 1. The linear variational method (Ritz method) . . . . . . . . . . 45 2. Löwdin’s symmetric orthogonalization . . . . . . . . . . . . 52 2.1. Matrix S^{−1/2} . . . . . . . . . . . . . . . . . . . . . . 52 2.2. The S^{−1/2} transformation . . . . . . . . . . . . . . . 53 2.3. The Löwdin basis . . . . . . . . . . . . . . . . . . . 54 2.4. The stationary property of Löwdin’s symmetric orthogonalization scheme . . . . . . . . . . . . . . . 55 2.5. Löwdin orthogonalization: A two-dimensional example 59 3. Linear independence of the basis and Löwdin’s canonic orthogonalization . . . . . . . . . . . . . . . . . . . . . . . . 62 3.1. Eigenvalues of the overlap matrix: A measure for the linear independence of the basis . . . . . . . . . . . . 62 3.2. Löwdin’s canonic orthogonalization . . . . . . . . . . 64 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4. PERTURBATIONAL METHODS 69 1. Nondegenerate Rayleigh–Schrödinger perturbation theory . . 69 1.1. The problem . . . . . . . . . . . . . . . . . . . . . . 69 1.2. “Algebraic” expansion . . . . . . . . . . . . . . . . . 72 1.3. The use of the reduced resolvent in the

Rayleigh–Schrödinger perturbation theory . . . . . . 76 1.4. Wigner’s 2n + 1 theorem . . . . . . . . . . . . . . . 81 1.4.1 The accuracy of the energy expectation value calculated by the nth order perturbational wave function . . . . . 81 1.4.2 Computing the exact energy corrections up to order 2n + 1 by using the first n wave function corrections . 82 2. Variational–perturbational method: The Hylleraas functional . 88 3. Degenerate Rayleigh–Schrödinger perturbation theory . . . . 93 4. Brillouin–Wigner perturbation theory . . . . . . . . . . . . . 95 4.1. The size–consistency problem . . . . . . . . . . . . . 98 5. Size consistency of the Rayleigh–Schrödiger

perturbation theory . . . . . . . . . . . . . . . . . . . . . . . 100 5.1. Formal considerations based on the properties of power series . . . . . . . . . . . . . . . . . . . . . . . . . . 100 5.2. Size consistency of the perturbational expansions . . . 102 6. Löwdin’s partitioning method . . . . . . . . . . . . . . . . . 115 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5. DETERMINANT WAVE FUNCTIONS 121 1. Spin orbitals . . . . . . . . . . . . . . . . . . . . . . . . . . 121 2. Many-electron spin states . . . . . . . . . . . . . . . . . . . 124 3. Slater determinants . . . . . . . . . . . . . . . . . . . . . . . 126

3.1. Two-electron examples . . . . . . . . . . . . . . . . 127 4. The antisymmetrizing operator . . . . . . . . . . . . . . . . . 129 4.1. The projection character of the antisymmetrizing operator . . . . . . . . . . . . . . . . . . . . . . . . 130 4.2. Commutation properties of the antisymmetrizing operator . . . . . . . . . . . . . . . . . . . . . . . . 134 4.3. Antisymmetrization between distant subsystems . . . 135 5. Invariance of the determinant wave function with respect to “mixing” the occupied orbitals . . . . . . . . . . . . . . . . . 137 6. Matrix elements between determinant wave functions: Löwdin’s general formulae for nonorthogonal orbitals . . . . . . . . . . 140 6.1. Overlap . . . . . . . . . . . . . . . . . . . . . . . . . 140 6.1.1. General case . . . . . . . . . . . . . . . . . . . . . . 141 6.1.2. Factorization . . . . . . . . . . . . . . . . . . . . . . 142 6.1.3. Special cases for orthonormalized orbitals (Slater rules) 144 6.2. One-electron operators . . . . . . . . . . . . . . . . . 145 6.2.1. General case . . . . . . . . . . . . . . . . . . . . . . 145 6.2.2. Special cases for orthonormalized orbitals (Slater rules) 147 6.3. Two-electron operators . . . . . . . . . . . . . . . . . 149 6.3.1. General case . . . . . . . . . . . . . . . . . . . . . . 149 6.3.2. Special cases for orthonormalized orbitals (Slater rules) 151 7. Löwdin’s pairing theorem and its generalization . . . . . . . 153 7.1. Löwdin’s pairing theorem . . . . . . . . . . . . . . . 154 7.2. Karadakov’s extended pairing theorem . . . . . . . . 157 8. Theorem about the existence of orbitals of special structure . 160 8.1. Existence theorem . . . . . . . . . . . . . . . . . . . 161 8.2. A posteriori determination . . . . . . . . . . . . . . . 162 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

6. THE HARTREE–FOCK METHOD 165 1. The variation principle for single determinant wave functions:

The Brillouin theorem . . . . . . . . . . . . . . . . . . . . . 166 1.1. The Brillouin theorem for the determinant with the absolute minimum of the energy . . . . . . . . . . . . 166 1.2. The Brillouin theorem for a determinant with a stationary energy . . . . . . . . . . . . . . . . . . . . 167 1.3. Algorithm of calculations based on the Brillouin theorem . . . . . . . . . . . . . . . . . . . . . . . . . 169 2. The Hartree–Fock equations . . . . . . . . . . . . . . . . . . 170 2.1. Unrestricted Hartree–Fock equations . . . . . . . . . 171 2.2. Alternate derivation by using Lagrangian multipliers . 177 2.3. Alternate derivation by using specified variations . . . 180 3. Koopmans theorem . . . . . . . . . . . . . . . . . . . . . . . 182 3.1. The orbital energies and the total energy . . . . . . . 184

4. The RHF method . . . . . . . . . . . . . . . . . . . . . . . . 187 4.1. The RHF and UHF schemes . . . . . . . . . . . . . . 187 4.2. Symmetry and the RHF method . . . . . . . . . . . . 189 4.3. The “dissociation catastrophe”; different Hartree–Fock methods . . . . . . . . . . . . . . . . . . . . . . . . 190 4.4. Singlet and triplet excitations . . . . . . . . . . . . . 195 5. Finite basis Hartree–Fock theory . . . . . . . . . . . . . . . . 198 5.1. Hartree–Fock–Roothaan equations . . . . . . . . . . 198 5.2. The P-matrix . . . . . . . . . . . . . . . . . . . . . . 202 5.3. Example of using projectors in the LCAO framework:

The UHF equations for successive optimization of the orbitals . . . . . . . . . . . . . . . . . . . . . . . . . 204 5.4. The Fock matrix and the energy . . . . . . . . . . . . 206 6. Restricted open-shell Hartree–Fock method . . . . . . . . . . 209 6.1. The ROHF equations . . . . . . . . . . . . . . . . . . 211 6.2. The coupling coefficients for some open-shell systems 215 7. The gradient of the energy . . . . . . . . . . . . . . . . . . . 216 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

7. POPULATION ANALYSIS, BOND ORDERS, AND VALENCES 227 1. Mulliken’s population analysis . . . . . . . . . . . . . . . . . 228 1.1. Electron density . . . . . . . . . . . . . . . . . . . . 228 1.2. Population analysis . . . . . . . . . . . . . . . . . . 230 2. Bond orders and valences . . . . . . . . . . . . . . . . . . . 235 2.1. Bond order index . . . . . . . . . . . . . . . . . . . . 235 2.2. Valence indices . . . . . . . . . . . . . . . . . . . . . 238 2.3. Exchange density and bond order . . . . . . . . . . . 241 2.4. Bond orders in three-center bonds . . . . . . . . . . . 245 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

8. THE ELECTRON CORRELATION 251 1. The CI expansion . . . . . . . . . . . . . . . . . . . . . . . . 251 2. The correlation energy and Nesbet’s theorem . . . . . . . . . 253 3. Methods of electron correlation calculations . . . . . . . . . . 260 3.1. The CI method . . . . . . . . . . . . . . . . . . . . . 260 3.2. MC–SCF methods . . . . . . . . . . . . . . . . . . . 262 3.3. The MBPT or Møller–Plesset method . . . . . . . . . 264 3.4. The Coupled Cluster Approach . . . . . . . . . . . . 269 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278

9. MISCELLANEOUS 281 1. The 1/Z expansion . . . . . . . . . . . . . . . . . . . . . . . 281 2. The cusp condition . . . . . . . . . . . . . . . . . . . . . . . 283 2.1. The nuclear cusp . . . . . . . . . . . . . . . . . . . . 283 2.2. The electronic cusp . . . . . . . . . . . . . . . . . . 286

3. The asymptotical behavior of the wave function at very large distances . . . . . . . . . . . . . . . . . . . . . . . . . . . . 286 4. Basis functions: The Gaussian product theorem . . . . . . . . 287 5. The integral transformation problem . . . . . . . . . . . . . . 290 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291

Appendices 294 I. Separating the motion of the center of mass in classical mechanics 295 II. Reducing the two-body problem to two one-body ones in classical mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . 299 III. Analogy between differentials and variations . . . . . . . . . 303 IV. Euler’s theorem for homogenous functions . . . . . . . . . . 305 V. The virial theorem in classical mechanics . . . . . . . . . . . 307 VI. The electronic Schrödinger equation in atomic units . . . . . 309 VII. The “bra-ket” formalism . . . . . . . . . . . . . . . . . . . . 311 1. Dirac’s “bra” and “ket” vectors . . . . . . . . . . . . 311 2. Analogy with the matrix formalism . . . . . . . . . . 313 3. The use of an overlapping basis . . . . . . . . . . . . 314 4. Example of using the bra-ket formalism: The hypervirial theorem . . . . . . . . . . . . . . . . . . . . . . . . . 315 5. Projection operators . . . . . . . . . . . . . . . . . . 316 6. Resolution of identity . . . . . . . . . . . . . . . . . 317 7. Spectral resolution of Hermitian operators . . . . . . 318 8. The case of non-Hermitian operators—biorthogonal sets of functions . . . . . . . . . . . . . . . . . . . . 319 9. The trace of the projector . . . . . . . . . . . . . . . 321 VIII. Collection of formulas for Rayleigh–Schrödinger perturbation theory (nondegenerate case) . . . . . . . . . . . . . . . . . . 323 IX. Direct products of matrices . . . . . . . . . . . . . . . . . . . 325 X. Permutations . . . . . . . . . . . . . . . . . . . . . . . . . . 329 XI. An orthogonalization algorithm . . . . . . . . . . . . . . . . 331

Index 333